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Abstract The phase-change problem is solved by the migration-collision scheme of lattice Boltzmann
method. After formula derivation, we ﬁnd that this method can give a rigorous numerical value
for the phase-change temperature, which is of crucial importance. One-dimensional solidiﬁcation
in half-space and two-dimensional solidiﬁcation in a corner are simulated. The phase change tem-
perature and the liquid-solid interface are both obtained, and the results conform to the analytical
solution. c© 2011 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1102203]
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Matter phase transition is closely related to in-
dustrial production and daily life. It is a nonlin-
ear problem1–4 and thus should be settled by a high-
eﬃciency and reliable numerical method. Lattice Boltz-
mann method (LBM) is a relatively new approach,
which is applied widely to the numerical simulation of
micro ﬂuidic systems.5–10 This paper is dedicated to the
simulation of pure substance phase transition via LBM.
Wolf-Gladrow11 ﬁrstly derived the LB equation for
diﬀusion to solve heat conduction problem. Because the
melting and solidiﬁcation were analogous to exother-
mic and endothermic chemical reactions, De Fabritiis
et al.12 proposed a generalized mesoscopic LB model
for describing ﬂows with solid-liquid phase transitions,
which was represented by a chemical term. They used
two types of quasi-particles for liquid and solid phases,
respectively. Miller et al.13 simpliﬁed and extended
their model subsequently. In 2001, Jiaung et al.14 ﬁrstly
extended Lattice Boltzmann equation with an enthalpy
formulation for treating the phase change region. Later,
the proposed model was utilized to simulate the melting
process of a generic laser surface in the two-dimensional
and three-dimensional models by Chatterjee et al..15,16
And Huber et al.17 developed the lattice Boltzmann
method coupled with natural convection. However,
the extended lattice Boltzmann method developed by
Jiaung14 had two problems. Firstly, it was not able to
give the precise phase change temperature while han-
dling the phase transition region. Secondly, the temper-
ature of the point adjacent to the phase change region
is sometimes higher than the temperature of surround-
ing points. The present work is dedicated to improving
the numerical computation method for the phase change
model. The present method can remedy the defects and
make the numerical results preferably close to the truth.
Generally, the thermal diﬀusion equation of total
enthalpy for phase change problem can be expressed as
∂(ρH)
∂t
= ∇ · (k∇T ). (1)
a)Corresponding author. Email: ysyou@zjnu.cn.
The total enthalpy H has two parts, namely, sensible
enthalpy CT and latent enthalpy L. So H can be writ-
ten as
H = CT + fl · L, (2)
where fl is the liquid fraction and C is the constant
pressure speciﬁc heat.
It is known to all that the liquid fraction fl has dif-
ferent values in diﬀerent states of matter. fl is zero for
the solid state and unity for the liquid state, respec-
tively, and the value of fl is between 0 and 1 in mushy
state (phase change region). So the total enthalpy in
energy equation can be resolved into
H =
⎧⎨
⎩
CT + L, T > Tm
CTm + fl · L, T = Tm
CT, T < Tm
, (3)
where Tm is the phase-change temperature. Substitu-
tion Eq. (3) into Eq. (1) yields
∂T/∂t = α · ∇2T, T > Tm or T < Tm,
(L/C)(∂fl/∂t) = α · ∇2T, T = Tm. (4)
Equation (4) demonstrates that the heat source term
(L/C)(∂fl/∂t) takes eﬀect only in phase change region.
Here α is the thermal diﬀusivity and α = k/ρC. And
the liquid fraction is deﬁned as14
fl =
H −Hs
Hl −Hs , (5)
where Hs and Hl represent the enthalpy values at the
beginning and ending of solidiﬁcation respectively.
The discrete LBE was ﬁrstly written to describe
the dynamics of the distribution function in the lattice
gas automaton (LGA). Then a Bhatnagar-Gross-Krook
(BGK) collision model was later adopted to address the
complicated collision term. Recently, it has been argued
that the LBE method can be derived from the contin-
uum Boltzmann equation with BGK collision model.18
The Boltzmann BGK equation is
∂f
∂t
+ ξ · ∇f = −1
τ
(f − f (0)). (6)
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In order to describe the evolution of microscopic
particle distribution function fi(x, t), the BGK equa-
tion is discredited.
The equilibrium state particle distribution function
is deﬁned as
f
(eq)
i (x, t) = ωiT (x, t), (7)
where ωi are the weight factors.
So the discrete BGK equation is
∂fi(x, t)
∂t
+ ci · fi(x, t)
=− 1
τ
[fi(x, t)− f (eq)i (x, t)]. (8)
The temperature of the phase change is deﬁned as
T (x, t) =
b∑
i=0
fi(x, t). (9)
The next step is the time discretion of LBM.
Collision and migration are two relatively indepen-
dent processes of particles motion, and LBM has thus
an evolutionary process, like . . . collision-migration-
collision-migration . . ., in all time discrete sequence. So
the collision-migration scheme and migration-collision
scheme are equivalent. After time discretion, the
migration-collision scheme is selected. The evolution-
ary process is divided into two steps
f ′i(x+ ci · t, t+t) = fi(x, t), (10)
the particles move along the graticules with velocity
ci = x/t
fi(x+ ci · t, t+t)
=f ′i(x+ ci · t, t+t)−
1
τ
[f ′i(x+ ci · t, t+t)−
f
(0)
i (x+ ci · t, t+t)]. (11)
And this scheme is equivalent to the collision-migration
scheme, because Eq. (11) can be written as
fi(x
′, t′) = f ′i(x
′, t′)− 1
τ
[f ′i(x
′, t′)−f (0)i (x′, t′)], (12)
where x′ represents (x+ ci · t), t′ represents t+t.
After second migration
f ′i(x
′ + ci · t, t′ +t)
=f ′i(x
′, t′)− 1
τ
[f ′i(x
′, t′)− f (0)i (x′, t′)]. (13)
By using x, t, f to substitute x′, t′, f ′, Eq. (13) is
changed to
fi(x+ ci · t, t+t)
=fi(x, t)− 1
τ
[fi(x, t)− f (0)i (x, t)]. (14)
Regarding phase change, the heat source term
Φi = ωiΦ = ωi
L
C
∂fl
∂t
= ωi
L
C
f ′l − fl
t
is introduced to the LB equation.14 The LB equation of
(14) is extended as
fi(x+ ci · t, t+t)
=fi(x, t)− t
τ
[fi(x, t)− f (0)i (x, t)]−tΦi. (15)
The LB equation of (15) was proven correctly with
Chapman-Enskog Expansion by Jiaung.14
Migration-collision scheme and collision-migration
scheme have the same physical signiﬁcance, but there
are some diﬀerences in their speciﬁc methods for the
computation of phase-change region. The particles of
the whole system without external temperature were at
dynamic balance in mesoscope. In this state, migration
and collision happened simultaneously. However, ﬁxing
a temperature on the wall of the system, the particles
on the boundary will migrate and transfer temperature
into the interior. Because of the temperature change,
each particle starts to collide. Hence the migration-
collision scheme ﬁts the fact. The essential diﬀerence
between the two schemes is how to process the latent
heat.
In the migration-collision scheme, after migration,
the temperature T ′ inside of the model become
T ′ =
∑
i
fi(x, t+t). (16)
If T ′ ≤ Tm in the x grid, it has started to change the
phase, so
H = CT ′ + fl · L (17)
and if Hs < H < Hl
f ′l =
H −Hs
Hl −Hs =
H −Hs
L
=
CT ′ + fl · L− CTm
L
. (18)
Then after collision
f ′i(x, t+t)
=fi(x, t+t)− t
τ
[fi(x, t+t)−
f
(0)
i (x, t+t)]−tωi
L
C
f ′l − fl
t . (19)
Then the summation over all directions of every term
of Eq. (19), the xth grid temperature is obtained as
T =
∑
i
f ′i(x, t+t)
=T ′ − 0− L
C
[
CT ′ + fl · L− CTm
L
− fl
]
=T ′ − T ′ + Tm = Tm. (20)
Here the temperature of the xth grid becomes the phase
change temperature exactly. Because the temperature
of T ′ − Tm has been compensated to the latent heat by
colliding in Eq. (19). On the other hand, the collision-
migration scheme cannot give the exact value of phase
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change temperature. Furthermore, since the ﬁrst step
is collision, the latent heat will migrate to the neigh-
bour girds in the change phase region, the neighbour
girds will sometimes have a higher temperature than
surrounding.
The boundary condition of the phase change is ﬁxed
by particles ﬂowing through grids of the boundary in
LBM. The boundary condition of Jiaung14 is employed
in this work. Take the one-dimensional lattice for ex-
ample(shown in Fig. 1).
Fig. 1. The distribution function fj(T ) is ﬁxed if the tem-
perature on the boundary is kept at Tj .
If the distribution function fj(T ) at the boundary
lattice j is known, f2,j+1 can be identiﬁed as
f2,j+1 = f1,j , (21)
f1,j = ω1fj(T ) + ω2fj(T )− f2,j , (22)
where f2,j denotes the particle migrating from lattice
j + 1. In the two-dimensional lattice, subscript 1 and 2
represent two opposite directions.
To test and verify the accuracy of the modiﬁed
scheme, two models (solidiﬁcation in a half -space and
solidiﬁcation from a corner in a quarter-space) are im-
itated. It is found that the migration-collision scheme
describes the models well. And the computational re-
sults of the migration-collision scheme is in better agree-
ment with the analytical solutions than Jiaung’s.14
Model 1 is solidiﬁcation in a half -space. Initially,
the semi-inﬁnite system is ﬁlled with the liquid at tem-
perature T∞. T∞ is set to be 0.3, which is higher than
the phase-change temperature Tm = 0. This is a one-
dimensional model. The temperature on the left wall is
kept at T0 = −1. The diagram of the model is shown
in Fig. 2.
Fig. 2. Schematic of solidiﬁcation in a half-space.
As the solidiﬁcation begins, the low temperature of
the left boundary is going to be transferred into the
system. A liquid-solid interface is generated. The tem-
peratures in solid and liquid regions are both variable
and diﬀerent from Tm, whose analytical solutions are
obtained1
[Ts(x, t)− T0]/[Tm − T0] = [erf(x/2
√
αst)]/[erf(λ)],
[Tl(x, t)−T∞]/[Tm−T∞]=[erfc(x/2
√
αlt)]/
[erfc(λ
√
αs/αl)].
(23)
The position of the liquid-solid interface is deﬁned as
M(t) = 2λ
√
αlt, (24)
where λ is a parameter of the transcendental equation.14
The Stefan number is the ratio of sensible heat over
latent heat, written as St = ρCs(T0 − Tm)/L.
The relaxation time of every state is gained from
τ = τs + (τl − τs)fl. (25)
Figures 3 and 4 are diagrams of the temperature dis-
tribution and the interfacial position at diﬀerent times
for αs/αl = 1/1, 1/2 and 1/4. The other parameters
are set as: x = t = 0.005, αs = 0.005, Cs = 1,
Cs/Cl = 1, St = 0.2. Numerical simulations are per-
formed with 200 lattices in D1Q2, with temperature
distributions at diﬀerent times (t = 0.5, 1.0 and 1.5)
shown in Fig. 3. The numerical solutions and analyti-
cal solutions have good coherence by comparison.
Because the three solid diﬀusivities αs are all equal
to 0.005, the temperature diﬀusions of solid phase (T ∈
[−1, 0]) (Fig. 3) and the liquid-solid interfacial positions
(Fig. 4) exhibit small changes. The temperature of
liquid phase (T ∈ [0, 0.3]) is changed signiﬁcantly in
Fig. 3. The bigger the αl, the more rapidly the tem-
perature diﬀuses. The longer the evolution time, the
lower the inside temperature is. These conclusions are
in good accordance with the actual situations. Further-
more, the phase change temperature Tm = 0 can be
deﬁnitely found in Fig. 3.
Model 2 is solidiﬁcation in a corner. This model19
is a two-dimensional problem. The model does not have
top and right boundaries as a corner. After initializa-
tion, the temperatures on the left and bottom bound-
aries are both equal to T0. The values of the other
temperatures are the same as used in Fig. 5.
To investigate the eﬀect of α, the calculation is
ﬁrstly carried out at αs1 = 0.001 25, αs2 = 0.002 5,
αs3 = 0.003 75, αs4 = 0.005. The numerical values
of St = 4.0, αs/αl = 0.25, Cs = 1, Cs/Cl = 1, and
x = t are set for computations, as shown in Fig. 6
and 400× 400 lattices in D2Q9 is used.
From observation, the ﬁgures agree with the ana-
lytical solutions. The bigger the αs, the faster the low
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(a)The temperature distribution for
αs/αl = 1/1, αl = 0.005.
(b)The temperature distribution for
αs/αl = 1/2, αl = 0.01.
(c)The temperature distribution for
αs/αl = 1/4, αl = 0.02.
Fig. 3. The temperature distribution
Fig. 4. The panel showing the comparison of the liquid-
solid interfacial positions between present computational so-
lutions and analytical solutions for αs/αl = 1/1, 1/2, 1/4.
Fig. 5. Schematic of solidiﬁcation in a half -space.
temperature diﬀuses, and the more quickly the temper-
ature inside the system drops down. There are 4 unam-
biguous lines of phase change temperature Tm shown in
Fig. 6, where Tm are all equal to zero.
The solidiﬁcation models manifest two predictable
trends. The ﬁrst one is that the internal temperature
gets lower as time goes on. The other is that bigger
α makes temperature diﬀuse more rapidly. These two
points agree with the actual situations. The conclusion
of these models manifests that the migration-collision
scheme of LBM is not only available, but also more rig-
orous than Jiaung’s.14 It can oﬀer explicit liquid-solid
interface and phase-change temperature Tm. Migration-
collision scheme is simple but powerful in dealing with
the phase change problem of pure substance. The nat-
ural convection for phase change will be studied in the
next work. The purpose of the present research is to
oﬀer scientiﬁc judgement for natural gas hydrate ex-
ploitation.
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